The equations of rotational motion used to calculate preimpact vehicle speeds using the rotational displacement of the vehicles following a collision are well known. The technique uses the rotational momentum exchange during impact and the principle of conservation of rotational energy to calculate the post impact vehicle angular velocity from the energy dissipated during the vehicle's rotation to a stop (product of torque and rotational displacement). Integral to the calculation of the stopping torque on the vehicle is the determination of the effective rotational coefficient of friction (f r ) between the tires and the roadway. The interactions of the road with the tires to produce the rotational coefficient of friction (f r ) are more complex and less understood than those of linear coefficient of friction (deceleration factor). A derivation of the post impact equations of motion and the kinematics of vehicles in rotation are examined. The resultant parameters of motion that affect the rotational coefficient of friction (f r ) are presented. The effects of these various parameters on the rotational coefficient of friction (f r ) were studied using EDSMAC TM . Normalized coefficients, which can be multiplied by the roadway friction to obtain the rotational coefficient of friction (f r ) under common accident scenarios, are presented. Use of equations of rotational motion supplements linear momentum equations in a momentum analysis. They are not a substitute for other accident reconstruction techniques, such as computer crash simulations.
INTRODUCTION
A common problem faced in accident reconstruction is a lack of reliable information on which to base conservation of momentum calculations to determine pre-impact velocity. Occasionally, the only source of information regarding the final vehicle rest position is the un-scaled sketch included in a police report. When a reporting officer is attempting to sketch the scene and the final rest positions of the involved vehicles, he is frequently making no attempt to accurately establish positions or the distances between the point of impact and the final rest positions of the vehicles. Therefore, use of the sketch to estimate distances is problematic. The reporting officer is likely to be more accurate in the final rest angular orientation of the vehicles, especially with respect to scene features such as lane lines. As a result, the total vehicle rotational displacement information may, on a case to case basis, be more accurate and reliable than the available linear displacement information. Also problematic is the use of linear momentum equations in a collision between vehicles with a large mass mismatch, such as in a motorcycle-automobile impact. The linear displacement of the massive vehicle is small and the equations are very sensitive to slight inaccuracy of the measured distance. However, when significant rotation of the massive vehicle occurs, the rotational momentum equations can be far less sensitive.
While it is common practice to ignore post-impact rotational motion (and the energy associated with rotational velocity) the rotational displacement for each vehicle provides information for an additional equation to determine the impact velocity. This can be used to supplement the linear momentum equations when information is missing or questionable, or to act as a second check. It is significant to note that the rotational momentum equations are scalar, when considering planar motion, in contrast to the linear momentum equations which require both magnitude and direction (vector).
Analogous to linear momentum calculations, rotational momentum equations are based upon calculation of the energy dissipated while the vehicle rotates to a stop in order to find the post-impact angular velocity. Integral to this calculation is the force between the road surface and the tires that is retarding rotation. This force is normalized to the weight of the vehicle and is expressed as the rotational coefficient of friction (f r ), which produces the torque (moment) to stop the rotation of the vehicle.
The objective of this study is to determine the factors which affect the rotational coefficient of friction (f r ) and determine a baseline rotational coefficient of friction (f r ) for common situations. The data has been normalized and presented in graphical form for use by accident reconstruction professionals.
ROTATIONAL MOTION
The equations that describe linear and rotational momentum transfer in an offset vehicle collision have been published over many years (1, 2, 3) and expanded to compute impact speeds of both vehicles (4). The equations are used in the LARM2 accident reconstruction software (5). While most of the required input variables are post impact scene and vehicular data, the rotational coefficient of friction (f r ) is relegated to the judgment of the accident reconstruction professional. Current published values for the rotational coefficient of friction (f r ) give a range of 0.1 to 0.5 (5). An understanding of the derivation of the equation that uses (f r ), the factors that have a significant effect on (f r ) and a way to calculate (f r ), knowing the coefficient of friction of the road surface at the scene of the accident will be addressed.
POST-IMPACT KINETIC EQUATIONS
In linear momentum calculations, it is necessary to know the post impact velocity of the vehicles. The velocity is calculated from the following linear conservation of energy equation: This now relates the post impact velocity to the scene information (distance traveled) with an appropriately measured or assumed deceleration factor (f).
The rotational conservation of energy equations are analogous. The post-impact rotational energy is equal to the energy dissipated as the vehicle rotates to a stop as follows:
where: Ι -yaw mass moment of inertia of the vehicle ω -vehicle post impact angular velocity Τ -torque (moment) acting on the vehicle θ -rotational displacement from impact to final rest At this point, the derivations of published equations assume that the center of gravity of the vehicle is located half way between the front and rear axles and that the force at each wheel responsible for the stopping torque (moment) is collinear with the axle, that is the track width is neglected. The result is the moment arm for all wheels is half the wheel base length. The rotational coefficient of friction (f r ), a term used in previous work (Limpert 1989 and 1991) , is the average lateral force developed to retard overall vehicle rotation, divided by the normal force on the wheels (weight of the vehicle).
The force producing the moment is therefore the weight of the vehicle times the rotational coefficient of friction (f r ). The effective retarding torque produced to stop the rotation now becomes: variables describing the vehicle's kinematics. Therefore, for a given road surface, the rotational coefficient of friction (f r ) is a function of the vehicle's size/geometry and motion (the ratio of ω 2 to θ).
Several observations can be made from this derivation:
1. The rotational coefficient of friction (f r ) is dependent on the vehicle size parameters and is likely to change between various classes of vehicles.
2. Because it is assumed that the center of gravity is half way between the front and rear axles in the mathematical model, the calculated rotational coefficient of friction (f r ) may be different between a side impact to the front of the vehicle causing rotation and an identical side impact to the rear of the vehicle.
3. Because the force on all wheels is lumped into the rotational coefficient of friction (f r ), it is likely dependent upon braking, especially in cases where one wheel is locked because of impact damage.
POST IMPACT VEHICLE KINEMATICS WITH ROTATION
It is important to understand the motion of a rotating vehicle and the friction on the tires in order to understand the parameters that will affect the rotational coefficient of friction (f r ). If a model automobile is set on a flat surface and rotated about its center of gravity (rotation but no translation), a retarding force to the rotation will be developed due to the opposite direction of the side forces on the front and rear tires. Concomitantly, the wheels will turn, because the rolling planes of the wheels are offset from the centerline. Now visualize a moving vehicle which is rotating slowly with respect to its linear velocity. As it is sliding broadside, the frictional forces on both the front and rear wheels are acting in the same direction to retard the linear velocity and no net torque is developed to retard the rotational motion. While it is somewhat beyond the scope of this paper and examined elsewhere (6), at a velocity ratio between linear velocity (in feet or meters per second) and rotational velocity (in radians per second), of approximately one half the wheel base (in feet or meters), the tire forces simultaneously retard the linear motion and rotational motion. The resultant motion at this ratio is when the vehicle essentially spins about the center of one axle and then flips to spin about the center of its other axle, etc. If the velocity ratio is too small (too much rotational velocity), the tire forces preferentially slow the rotation, as in the spinning model discussed above. If the velocity ratio is too large (too much linear velocity) the tire forces preferentially slow the linear motion as discussed in the slowly rotating vehicle above. From the above discussion, several observations can be made.
1. The rotational coefficient of friction (f r ) is dependent on the coefficient of friction between the tires and the roadway (skidding drag coefficient).
2. The rotational coefficient of friction (f r ), for all practical purposes, will always be less than the coefficient of friction between the tires and the roadway.
3. The rotational coefficient of friction (f r ) is dependent upon the pre-impact velocity of the rotating vehicle that is being modeled.
4. The incremental torque (moment) on the vehicle is dependent on the instantaneous angle of the vehicle with respect to the direction of linear motion. Because rotational coefficient of friction (f r ) is an average over all of these incremental torques, the rotational coefficient of friction (f r ) will also be dependent upon the total rotational displacement at final rest.
PARAMETRIC STUDY USING EDSMAC TM EDSMAC TM (Version 2.51) was selected to perform this parametric study. This program has several advantages which make it well suited for use in this study. Vehicle characteristics are easily changed and the program takes into account tire characteristics in the calculated motion. Further, the results include the information to determine the total rotation of the vehicles from impact to final rest (θ) and the post impact angular velocity (ω), the two parameters needed to calculate the rotational coefficient of friction (f r ). Finally, EDSMAC TM is well documented and validated (7).
The parametric study of the rotational coefficient of friction (f r ) was conducted by simulating a target vehicle being struck perpendicularly near an axle by a bullet vehicle.
This configuration is consistent with side impacts with significant target vehicle rotation, conditions for which this technique is most suited (Limpert, 1991) . The speed of the bullet vehicle was adjusted to produce a desired total rotation from impact to final rest. The EDSMAC TM output included the initial angle, angle at final rest and angular velocity at separation for the target vehicle, which was then used to calculate f r , as follows:
Of note, EDSMAC TM also documents the angle of the vehicle at separation; however, the initial angle and final rest angle were used in this study to calculate the total rotational angle (θ).
While arguably the angle at separation should be used because the angular velocity at separation was used, it is customary in accident reconstruction to assume the impact duration and motion during the impact is negligible. From a practical standpoint, the accident reconstructionist can only determine or estimate the initial angle and compare it to the final rest angle to determine rotational displacement for use in the derived equations.
The vehicle parameters for the bullet vehicle for all runs correspond to a 1998 Ford Expedition.
The initial work was to evaluate the effect of vehicle size, and roadway friction as a function of rotational displacement. Vehicle dimensional and inertial data, as listed in EXPERT AUTOSTATS ® , were used for 3 target vehicles; a 1998 Geo Metro representing a small vehicle, a 1998 Honda Accord 4-door representing a medium vehicle, and a 1998 Ford Expedition representing a large vehicle. The impact scenario involved a stationary target vehicle with no braking, struck perpendicularly at the right rear wheel area by a bullet vehicle.
Data to calculate the rotational coefficient of friction (f r ) was taken for rotation angles of 15, 45, 90 120, 135, 150, 180, 210, 225, 240, 270, 300, 315, 330 and 360 degrees. A data run was considered acceptable if the total rotation was within 5 degrees of that targeted and in the case of the 15 degree measurement, a minimum of 15 degrees was required. This series of simulations was repeated using four road surface coefficients of friction (0.25, 0.5, 0.75 and 1.0). The process was repeated for each of the three target vehicles. The complete data is included in tabular form in Appendix A.
Additional simulations were conducted to examine the sensitivity of the rotational coefficient of friction (f r ) to other parameters, as follows:
1. Pre-impact target vehicle speeds of 5, 10, 15, 20, 25 , and 30 miles per hour.
2. One wheel locked, corresponding to the point of impact on the target vehicle.
3. All four wheels of the target vehicle locked.
4. Target vehicle reversed so that the impact was to the right front wheel area of the target vehicle.
A roadway friction of 0.75 was used for all of the sensitivity simulations. Parameters for the 1998 Honda Accord were used for all four situations above. Additionally, simulations using the parameters for the 1998 Ford Explorer were conducted for situation 4, vehicle reversed. The complete data for these additional simulations is included in Appendix B.
RESULTS OF PARAMETRIC STUDY
As expected, the rotational coefficient of friction (f r ) was strongly affected by the roadway coefficient of friction. It was hypothesized that the relationship was linear.
Therefore, a normalized rotational friction factor (ξ) was defined as follows:
Therefore, f r can be calculated as follows:
where: ξ -normalized rotational friction factor f r -rotational coefficient of friction f -roadway skidding coefficient of friction
Figures 1 though 3 graphically show the normalized rotational friction factor (ξ) as a function of target vehicle rotational displacement for each of the three classes of vehicles (large medium, and small), respectively. Note, the four data points at each angle correspond to the four roadway coefficients of friction. Figure 6 graphically shows the data for the medium target vehicle (1998 Honda Accord) with all four wheels locked and with the struck wheel locked to simulate a locked wheel due to crush damage at impact. Note the curve fit line generated in figure 2, medium target vehicle (1998 Honda Accord), is shown for comparison. show that over the range of 0 to 360 degrees of rotational displacement, the normalized rotational friction factor is bimodal, with peaks at rotational displacement angles of approximately 140 and 300 degrees. From a kinetic standpoint, the impact scenario causes the linear velocity at the center of gravity of the vehicle to be in the direction of the principal direction of force, which is perpendicular to the vehicle's axis. Higher torque is apparently experienced by the vehicle at displacement angles near 90 and 270 degrees, where the vehicle axis is aligned with the linear motion. At these angles, the wheels are rolling in the direction of linear motion and the side force on the tires is dedicated to stopping the rotation with opposite forces on the front and rear wheels. The peaks at 140 and 300 degrees of rotational displacement represent angles at which the vehicle has just completed this high torque portion of the rotational sequence and is entering a region of lower instantaneous torque. This phenomenon manifested itself during the parametric testing in that the portion of the curve between the peaks at approximately 140 and 300 degrees to the next relative minimum was very sensitive to the speed of impact of the bullet vehicle and the data was difficult to obtain within the specified 5 degree limit of acceptability. This is predictable from the following equation of rotational motion (equation 8):
Relative Rotational Friction Factor as a Function of the Total Target Vehicle

Relative Rotational Friction Factor as a Function of Total Target Vehicle Rotation for Target Vehicles with Nonzero Initial Velocities
In this portion of the curve, the rotational coefficient of friction (f r ) is decreasing as the rotational displacement (θ) is increasing. The two terms counteract each other and the angular velocity (ω), which is a direct function of the impact velocity of the bullet vehicle, doesn't change much over this rotational displacement range. Consequently, slight changes in the bullet vehicle velocity cause significant changes in the resultant rotational displacement of the target vehicle. It further follows that since this range of rotational displacement values is produced by a narrow range of impact velocities, the probability of finding a target vehicle within this range of rotational displacement is small compared to other portions of the curve. Remarkably, data correlates reasonably well at least in the range of vehicle sizes between the Ford Expedition and the Geo Metro. Vehicle size appears to have a modest effect on the rotational coefficient of friction (f r ). Also note that the curve appears to be a damped sinusoid that settles out at approximately 70% of the available roadway friction (ξ  = 0.7). Assuming that the force causing the torque is sinusoidal from full value of roadway friction to negative full value of roadway friction, the root mean square of the frictional force causing the torque would be approximately 0.707 times the roadway friction. While hardly a proof, it appears that use of a normalized rotational friction factor, of approximately 70% of the available roadway friction (ξ  = 0.7) for very large angles of rotational displacement (greater than approximately 300 degrees) is reasonable. Figure 5 (see Appendix D) graphically demonstrates the effect of target vehicle speed on the rotational coefficient of friction. As discussed in the kinematics section, when the linear velocity is relatively high with respect to the angular velocity, the tire friction will preferentially retard the linear velocity with less effect on the angular velocity. This is clearly visible at the higher values of pre-impact target velocity. Remarkably, for target vehicle speeds of 20 miles per hour or less, there does seem to be a rotational displacement angle above which the curves approach the curves for the target vehicles that are stopped pre-impact (figure 4). Also of note, the peaks appear to be shifted to the right toward larger displacement angles as the pre-impact target velocity is increased. This is also predictable. The linear motion of the vehicle's center of gravity is the vector sum of the initial velocity of the target vehicle and the perpendicular velocity imparted during the impact. It therefore takes a greater angle of rotation of the vehicle to be aligned axially with the direction of the linear velocity. The 30 miles per hour initial target velocity curve, and to a lesser extent the 25 miles per hour curve, show a low normalized rotational coefficient of friction (ξ) even at 360 degrees of rotational displacement. Therefore, the testing was extended beyond a full revolution of rotational displacement. Because the normalized rotational coefficient of friction (ξ) is significantly smaller in this case for all ranges of rotational displacement, variations from vehicle to vehicle and roadway friction may have a more significant effect on the results of the calculations of pre-impact velocity with larger pre-impact target velocity. Therefore, great care must be taken by the accident reconstructionist to ensure that resultant calculations are supported by the actual accident conditions and case evidence. Figure 6 (see Appendix D) shows the effect of locked wheels (braking forces). As expected the sinusoidal effect is reduced for one locked wheel and in the case of all four wheels being locked (full braking), it is essentially eliminated. It is also noteworthy that the normalized rotational friction factor never reaches a value of 1.0. That supports that the rotational friction factor (f r ) is always less than the roadway friction available, as predicted. Figure 7 (see Appendix D) shows the effect of the impact to the right front wheel instead of the right rear wheel for the medium (1998 Honda Accord) target vehicle. You will note that the first peak is somewhat greater in magnitude and the second peak somewhat less in magnitude than for the medium target vehicle that was impacted on the right rear (figure 2). This difference is believed to be due to the variation of weight on the front tires as opposed to the rear in the real world vehicle and is an artifact of the assumption that the moment arm is half way between the front and rear axles in the calculational model. Nonetheless, the trend is similar to the remainder of the data. Figure 8 (see Appendix D) shows the effect of the impact to the right front wheel instead of the right rear wheel for the large (1998 Ford Expedition) target vehicle. The normalized rotational coefficient of friction is lower throughout the range of rotational displacements. While it is likely that much of this difference is due to the variation of weight on the front tires as opposed to the rear in a real world vehicle, the larger ratio of the mass moment of inertia to mass must also have an effect.
CONCLUSION
1. The use of equations of rotational motion can supplement linear momentum equations in a momentum analysis. They are not a substitute for other accident reconstruction techniques, such as computer crash simulations.
2. The above data are generated with a target vehicle being struck perpendicularly near an axle by a bullet vehicle. This configuration is consistent with side impacts with significant target vehicle rotation, conditions for which rotational momentum analysis is best suited.
3. The rotational coefficient of friction (f r ) can be found by multiplying the appropriate normalized rotational friction factor (ξ), selected from the figures, by the roadway coefficient of friction (f), equation
4. For slow moving (less than 10 miles per hour) target vehicles without braking, regardless of a front or rear lateral impact, figure 4 gives reasonable values for normalized rotational friction factor (ξ).
5. Use of figures 5 and 6 will assist the accident reconstructionist in assigning values for the rotational coefficient of friction (f r ) under conditions that the target vehicle has significant pre-impact velocity or is braking.
6. These data are not a substitute for sound judgment on the part of the accident reconstructionist when considering a specific case; however, insight into the vehicle kinematics and kinetics during rotation, as well as trends and magnitude of the rotational coefficient of friction (f r ) in the specific scenarios studied here should benefit the accident reconstructionist in assigning appropriate values for f r .
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